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Abstract: We revisit the idea that the quantum dynamics of open strings ending on N
D3-branes in the large N limit can be described at large ‘t Hooft coupling by classical closed
string theory in the background created by the D3-branes in asymptotically flat spacetime.
We study the resulting thermodynamics and compute the Hagedorn temperature and other
properties of the D3-brane worldvolume theory in this regime. We also consider the theory
in which the D3-branes are replaced by negative branes and show that its thermodynamics
is well behaved. We comment on the idea that this theory can be thought of as an irrelevant
deformation of N = 4 SYM, and on its relation to TT deformed CFT2.
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1 Introduction
The correspondence between N = 4 SYM with gauge group SU(N) and gauge coupling
gYM and string theory on AdS5 × S5, [1–3] (for a review, see [4]), can be motivated by
studying a vacuum of type IIB string theory which contains N coincident D3-branes, and
comparing two ways of thinking about it.
In one, we view it as a theory of closed strings propagating in all nine spatial dimen-
sions, and open strings both of whose ends lie on the threebranes. At low energies, the
open strings give rise to N = 4 SYM with gauge coupling g2YM = g, the ten-dimensional
string coupling, and the closed strings give rise to a 9 + 1 dimensional gravitational theory.
The two sectors decouple in the low-energy limit.
In the other, we view the D3-branes as a source of gravitational and other massless
closed string fields, and study the resulting background,
ds2 = 1√
f3
(
−dt2 +
3∑
i=1
dx2i
)
+
√
f3
(
dr2 + r2dΩ25
)
,
eΦ = g, (1.1)
A01···3 = −r
4
3N
r4f3
.
Here (t, xi) parametrize the D3-brane worldvolume, r and Ω5 are spherical coordinates on
the R6 transverse to the branes,
f3 = 1 +
r43
r4
= 1 + 4piλl
4
s
r4
, (1.2)
and λ is the ’t Hooft coupling,
λ = g2YMN = gN. (1.3)
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From this point of view, the low-energy limit of the D3-brane worldvolume theory is de-
scribed by the modes living in the near-horizon region r  r3, which is AdS5 × S5. The
AdS radius, as well as the radius of the S5, is given by r3, (1.2). The decoupled closed
strings live in the large r region, which is asymptotically flat.
A natural question is whether it is possible to extend the above correspondence beyond
the low-energy limit. A natural idea is to seek a correspondence between the worldvolume
theory of the D3-branes and the full background (1.1), (1.2). This has the problem that for
general g, N , the threebrane worldvolume theory is coupled to that of the closed strings,
so both of the above points of view describe the same theory – the full string theory in a
vacuum with N D3-branes. To get a non-trivial duality, we need to replace the low-energy
limit, that gives rise to N = 4 SYM and AdS5 × S5, by something else.
One idea [5–7] is to consider the theory in the limit
g → 0, N →∞, λ fixed. (1.4)
In this limit, the closed strings decouple, since the closed string coupling g is sent to zero,
while the open strings living on the D3-branes remain interacting. From the worldsheet
point of view, Riemann surfaces with additional handles are suppressed, while those with
additional holes contribute. As pointed out in [7], this limit is reminiscent of the decoupling
limit of NS5-branes that leads to Little String Theory.
Thus, the idea is that the quantum theory of open strings ending on N D3-branes, in
the limit (1.4), is equivalent to classical closed string theory in the background (1.1), (1.2).
The latter, of course, contains the asymptotically flat region r → ∞, and in particular,
it contains all the closed string modes that live there. However, in the limit (1.4), these
strings are free and can be neglected for many purposes.1
Note also that the limit (1.4) does not describe an extension of N = 4 SYM with
arbitrary N , gYM to finite energies, since it requires us to take the large N limit. Rather,
it trades the low-energy limit for the limit N → ∞. The 1/N corrections to the resulting
theory are an interesting question, which we will briefly comment on later.
At largeN , the limit (1.4) allows us to study physics at energies of order the string scale,
ms = 1/ls = 1/
√
α′, for any λ, (1.3). As is familiar from the AdS/CFT correspondence,
the two descriptions of the dynamics are useful in different regions in coupling space.
For small λ, the useful description is in terms of open strings. Since each additional hole
on the worldsheet comes with an additional power of λ, for small λ we can do perturbative
open string computations, while keeping only the lowest terms in the topological worldsheet
expansion. The description (1.1), (1.2) is not useful in this regime, since the metric is
strongly curved (on the string scale), except in the region r → ∞, which as mentioned
above describes the decoupled closed strings that we are not interested in.
For large λ, the open string description is not useful, since it involves computing the
sum over worldsheets with an arbitrary number of holes (and perhaps non-perturbative
effects). On the other hand, the closed string description (1.1), (1.2) is in this case weakly
curved for all r, and thus we can use it to do calculations.
1We will see later what this means in practice.
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Another interesting part of the story has to do with the description of the theory as
an irrelevant deformation of N = 4 SYM . As mentioned above, as r → 0 the background
(1.1), (1.2) approaches AdS5 × S5. Expanding around this limit gives an infinite series
of corrections to the metric and other fields. The leading correction can be identified via
the usual AdS/CFT map, [1–3], as an addition to the Lagrangian of N = 4 SYM of a
dimension eight single-trace operator, that preserves N = 4 SUSY but, of course, breaks
conformal symmetry.
It has been proposed that the boundary theory dual to type IIB string theory in the
background (1.1), (1.2) is such an irrelevant deformation of N = 4 SYM [5, 6, 8]; see
also [9–16]. It is not clear to what extent this proposal is meaningful, because irrelevant
deformations of conformal field theories are usually ill defined (since there is in general an
infinite number of RG trajectories that approach a given irrelevant deformation of an IR
CFT). However, in the last three years, a two-dimensional analog of the four-dimensional
system discussed here was analyzed, and found to be better behaved than one might expect
[17–22].
That system, often referred to as single-trace TT deformed CFT, is obtained by study-
ing the near-horizon geometry of k NS5-branes wrapped around T 4×S1 and p fundamental
strings wrapped around the S1. It gives rise to an AdS3 × S3 × T 4 vacuum of type IIB
string theory, which is dual to a two-dimensional (4, 4) supersymmetric CFT with central
charge c = 6kp [4]. Adding to the Lagrangian a certain single-trace irrelevant operator
D(x) [23] that preserves (4, 4) SUSY, gives rise in the bulk to a background that interpo-
lates between the geometry near the strings and one far from the strings (but still close to
the fivebranes).
The string theory construction of [17] provides some evidence for the claim that this
particular irrelevant deformation of a CFT gives rise to a well defined theory, that inter-
polates between a CFT in the IR and a theory with a Hagedorn spectrum (a particular
two-dimensional vacuum of Little String Theory [24]; for reviews, see [7, 25, 26]) in the
UV.
The purpose of this note is to reexamine the four-dimensional system (1.1), (1.2), using
tools that played a role in the analysis of the two-dimensional one. We will focus on the
thermodynamics of this system in the limit where the volume of the threebranes V3 is
large (the thermodynamic limit). In this limit, the canonical free energy is expected to
be dominated by the contribution of a black hole in this background. We will analyze the
resulting thermodynamics, and discuss its relation to that of weakly coupled open strings
ending on the threebranes.
Another goal of this note is to analyze the thermodynamics of the system (1.1) with
the harmonic function (1.2) replaced by
f3 = −1 + r
4
3
r4
. (1.5)
At first sight, this looks like an odd thing to do, however, in analogy to the two-dimensional
situation [17], it can be thought of as adding the dimension eight irrelevant deformation
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discussed above with an opposite sign coupling.2
The background (1.1), (1.5) preserves the same N = 4 SUSY as (1.1), (1.2), but it is
rather different from it. In particular, it has a naked singularity at a finite value of the
radial coordinate, r = r3, and it is interesting to study its consequences. It can be viewed
as a four-dimensional analog of the negative coupling single-trace TT deformation of a
CFT2 discussed recently from this point of view in [27]. It is also related to the discussion
of negative D-branes in [28]. We will see that, interestingly, it gives rise to a theory with
apparently sensible thermodynamics.
2 D3-brane thermodynamics
As explained in the previous section, for large λ the D3-brane system is best described by
the supergravity background (1.1), (1.2). In this section, we will study the canonical free
energy of this background at a finite temperature T . As usual, to do that we rotate time
to Euclidean signature, and take it to be periodic with asymptotic period β = 1/T . In the
limit (1.4), the free energy receives contributions from a few backgrounds.
One is the original background with Euclidean time identified. This gives the free
energy of closed strings in the background (1.1), (1.2). Since this background is asymptot-
ically flat 9 + 1 dimensional spacetime, its contribution to the free energy goes like F ∼ V9,
the volume of nine-dimensional space. We can write it as F ∼ V3V6, where V3 is the volume
of the space the D3-branes wrap, which we will take to be large but finite, and V6 is the
(infinite) transverse volume. The first factor is what we expect to get for the free energy
of D3-branes in the thermodynamic limit, since the free energy is an extensive quantity.
The second factor is infinite. This infinity is clearly due to the continuum of closed string
modes with arbitrary momenta, propagating far from the threebranes. It has nothing to
do with the threebranes, and in the limit (1.4) the closed string modes that are responsible
for it are decoupled. Therefore, we will neglect this contribution to the free energy.3
The second contribution to the free energy comes from non-extremal D3-branes. The
corresponding Lorentzian background is given by [29]
ds2 = 1√
f3
(
−fdt2 +
3∑
i=1
dx2i
)
+
√
f3
(
dr2
f
+ r2dΩ25
)
,
eΦ = g, (2.1)
A01···3 = −1
g
(
r40sinh2α
2f3r4
)
.
2We will refer to this sign as negative.
3This argument is actually a bit too quick. In principle, to compute the contribution of these closed
strings, we should calculate the partition sum of closed strings in the background (1.1) in the presence of a
large r regulator, subtract from it the regularized partition sum of closed strings in flat spacetime, and take
the limit where the regulator goes to infinity. It is possible that in this limit a finite contribution remains,
coming from the region in which the above two geometries differ, r ∼ r3. Such a contribution would be
subleading in the limit (1.4), since it goes like N0, whereas the other geometries discussed below contribute
at order N2.
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The harmonic functions f3, f are given by
f3 = 1 +
r43
r4
, f = 1− r
4
0
r4
, r43 = r40sinh2α. (2.2)
The geometry (2.1) has a horizon at r = r0 and a singularity at r = 0. The parameter α
can be expressed in terms of the non-extremality parameter r0,
λ = 18pil4s
r40sinh2α. (2.3)
In the limit r0 → 0, (2.1), (2.2) reduces to (1.1), (1.2). Note that the radius r3 in (2.2)
is not the same as in (1.2). In particular, it depends on r0, r3 = r3(r0). In the limit
r0 → 0, r3(r0) → r3(0) = r3. We have omitted the dependence of r3 on r0 in (2.2), but it
is important to remember that it’s there.
As usual, one can relate the non-extremality parameter r0 to the temperature by com-
pactifying Euclidean time on a circle of circumference β and demanding that the resulting
geometry is smooth. A short calculation leads to
β = 1
T
= pir0coshα. (2.4)
We plot the resulting relation in figure 1.
r*
T*
r0
T
Figure 1. The Hawking temperature T of a black hole as a function of its size r0.
This figure has two prominent features:
1. For temperatures below a certain critical temperature T∗,
T∗ =
1
21/433/8pi5/4λ1/4ls
, (2.5)
there are two black hole solutions, one with r0 < r∗, and the other with r0 > r∗,
r4∗ =
8√
3
piλl4s =
2√
3
[r3(0)]4. (2.6)
This is easy to understand: for low temperature, the horizon of the black hole with
small r0 is deep inside the AdS5 × S5 region in the geometry (1.1), (1.2). Hence,
it is a small deformation of the usual AdS-Schwarzschild black hole, that governs
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the thermodynamics of the low-energy theory (N = 4 SYM at large ‘t Hooft cou-
pling). On the other hand, the horizon of the black hole with large r0 is deep inside
the asymptotically flat region. Thus, it is a small deformation of a Schwarzschild
black hole in flat 6 + 1 dimensional spacetime. In order to determine which of these
black holes dominates the thermodynamics at a particular temperature, one needs to
compare their free energies, which we do below.
2. As the temperature increases, the two black holes mentioned in (1) approach each
other, and for T = T∗ they coincide (fig. 1). For T > T∗ there are no black hole
solutions. Thus, T∗ is a limiting temperature for the threebrane worldvolume theory.
We will return to this issue later.
Note that both r∗ and β∗ = 1/T∗ are comparable to r3(0), the AdS radius of the in-
frared AdS5 × S5 geometry, and the value of r at which the AdS5 throat connects to the
asymptotically flat space far from the threebranes.
r*
r0
F
Figure 2. Free energy for non-extremal D3-branes.
To calculate the canonical free energy F , we use the thermodynamic relation
F = E − TS. (2.7)
In the thermodynamic limit, F , E, S are extensive quantities, and it makes more sense to
compute the corresponding densities. If we further take the large N limit, these quantities
are also proportional to N2, the number of field theoretic degrees of freedom. Therefore,
we will replace (2.7) by
F = E − TS, (2.8)
where
F = F
N2V3
, E = E
N2V3
, S = S
N2V3
. (2.9)
The entropy is given by the standard Bekenstein-Hawking formula,
S = r
5
0coshα
32pi3λ2l8s
. (2.10)
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To compute the energy, we start with the ADM mass,
MADM =
V3N2
128pi4λ2l8s
r40 (3 + 2cosh2α) , (2.11)
and subtract from it the extremal energy, Eext, the limit of (2.11) as r0 → 0,
Eext =
N2V3
(2pi)3λl4s
. (2.12)
We get
E = MADM − Eext
V3N2
= 1128pi4λ2l8s
(
3r40 − 16piλl4s + 2
√
r80 + 64pi2λ2l8s
)
. (2.13)
Plugging (2.4), (2.10), (2.13) into (2.8), we get the free energy F(r0), plotted in figure 2.
To compute the free energy as a function of temperature for T < T∗, we proceed as
follows. Given the temperature, we can read off from figure 1 the two values of r0 that
correspond to it. Then we go to figure 2 and read off from it the difference of free energies
between the small and large black holes, ∆F = Fsmall − Flarge. The result is plotted in
figure 3.
T* T
ΔF
Figure 3. For all T < T∗, the small black hole has lower free energy than the large one with the
same temperature T .
We see that the small black hole dominates the canonical ensemble for all T < T∗.
Thus, in figure 2, only the part of the curve to the left of the dashed line is physical, and
it can be converted to a plot of F(T ) by solving for r0(T ) using figure 1.
It is interesting to study the behavior of the resulting free energy in various limits. At
low temperature, F has the following expansion
F = −pi
2
8 T
4
[
1 + 2(pi5λl4sT 4) + 8(pi5λl4sT 4)2 + · · ·
]
. (2.14)
We see that in the gravity approximation (large λ), the free energy is essentially a function
of one parameter,
F = −pi
2
8 T
4G(λl4sT 4), (2.15)
where G is a function whose power series expansion starts like (2.14). The fact that in the
gravity limit the non-trivial dependence is only on the parameter λl4sT 4 ' (r3T )4 follows
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from a scaling argument [8]. Similarly to the two-dimensional case, one can think of l4s as
the coupling of the dimension eight operator in the deformed N = 4 Lagrangian discussed
in the introduction. Thus, in principle one should be able to get the expansion (2.14) from
that field theory, although the field theory calculation (if it can be made sense of despite
the fact that it represents a flow up the RG) is likely easier in the weak coupling limit
(small λ), whereas our results here are obtained at large λ.
Another interesting limit is T → T∗. By expanding the various quantities in r∗ − r0
(see appendix A) and eliminating r0, we find that
F = F∗ + ∆T27/431/8pi7/4λ3/4l3s
− 2
15/8∆T 3/2
323/16pi9/8λ5/8l5/2s
+O(∆T 2), (2.16)
where
F∗ = (
√
3− 2)
16pi3λl4s
, (2.17)
and
∆T = T∗ − T. (2.18)
We see that the free energy has a branch cut starting at T = T∗, but both the free energy
and the energy density (2.13) are finite in the limit T → T∗. The leading divergence is in
the second derivative of F , i.e. in the specific heat (see figure 4). Figure 4 also implies that
all black holes with r < r∗ have positive specific heat, while all those with r0 > r∗ have
negative specific heat. This fits in well with the fact that for low temperature the former
are to a good approximation AdS-Schwarzschild black holes (which have positive specific
heat), while the latter are approximately Schwarzschild black holes in flat spacetime (whose
specific heat is negative).
r*
r0
C
Figure 4. Specific heat C vs r0.
To recapitulate, for temperature T < T∗ (2.5) we find a sensible thermodynamics. The
free energy F (T ) is described by the part of figures 1, 2 with r0 < r∗. The specific heat is
positive, see fig. 4. The thermodynamics is dominated by black holes with r0 < r∗. One
can think of them as black holes that fit in the throat of the threebranes, the region in
which the first term in the harmonic function f3 (2.2) is smaller than the second.
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As T → T∗, the free energy develops a singularity (2.16). In particular, the specific
heat diverges (figure 4). The energy density (2.13) is bounded from above, E < E∗,
E∗ = 7
√
3− 6
48pi3λl4s
. (2.19)
One can think of (2.19) as the largest energy density that can fit into the throat of the
threebranes. T∗ (2.5) is the maximal temperature for the threebranes. One can think of it
as the Hagedorn temperature for open strings living on the threebranes at large λ.
3 Negative D3-brane thermodynamics
As mentioned in the introduction, one of the motivations for our analysis was the recent
progress in TT deformed CFT [30, 31], and in particular its single-trace version [17–22].
In that case, one can think of the theory as obtained by adding to the Lagrangian of a
two-dimensional CFT holographically dual to string theory on AdS3 × S3 × T 4, say, an
operator of dimension (2, 2), and following the RG to the UV. The physics of the resulting
theory depends strongly on the sign of the coupling of this operator in the Lagrangian.
For positive sign, one gets in the UV a theory that has a Hagedorn density of states,
reminiscent in some ways of the one discussed in section 2. For negative sign, one gets
instead a theory with an upper bound on the energy, whose bulk description contains
naked singularities, closed timelike curves, etc. Interestingly, for both signs the theory
preserves (4, 4) SUSY, and in fact it is the theory with negative coupling that received
more attention in the literature on TT deformed CFT.
In a recent paper [27], we studied the theory with negative coupling using tools similar
to those employed here, and found that its thermodynamics appears to be sensible. It is an
interesting open question whether this theory makes sense; e.g. the work of [32] suggests
that its partition sum is not modular invariant.
The purpose of this section is to study the analogous problem for D3-branes. As
discussed above, the addition of the dimension eight operator to the Lagrangian of N = 4
SYM corresponds in the bulk to expanding the geometry (1.1), (1.2) around r = 0. Thus,
changing the sign of the deformation parameter is equivalent to changing the harmonic
function f3 from (1.2) to (1.5), as in the two-dimensional case [17, 27]. This change seems
problematic, since the resulting metric becomes complex for r > r3. We will be able to
avoid this issue, but it seems that to make sense of this theory, eventually one may need
to address it.
Another thing to note is that the background (1.1), (1.5) was studied from a different
perspective in [28]. These authors considered a background obtained by placing N negative
D3-branes, objects that preserve the same sixteen supercharges as the usual D3-branes, but
have the opposite tension and Ramond charge, into a flat spacetime. Thus, for them the
harmonic function f3 was the negative of (1.5), and the signature of spacetime at large r
was the usual one (9, 1). Using a particular prescription for going to r < r3, they argued
that these negative D-branes are surrounded by a bubble where the signature of spacetime
is different.
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The main difference with our work is that from the point of view of [28], we are
interested in the dynamics “inside the bubble.” Thus, we take the signature of the spacetime
for r < r3 to be the usual (9, 1), and the time coordinate to be t in (1.1). From our
perspective, the issue is what happens for r > r3.
We now proceed to study the thermodynamics of the model (1.1), (1.5) following
closely the discussion of section 2, and using [27] as a guide. In this case, it is unclear
what the contribution of the geometry with compactified Euclidean time is. In a sense, the
singularity at r = r3 provides a UV wall, so the contribution of perturbative closed string
states in this geometry may not go like the infinite volume V6. We leave this issue to future
work.
We will assume that like for positive D3-branes, the contribution of perturbative strings
in the geometry (1.1), (1.5) can be neglected, and the thermodynamics is governed by black
holes in this background. The analog of (2.1),(2.2) for this case is
ds2 = 1√
f3
(
−fdt2 +
3∑
i=1
dx2i
)
+
√
f3
(
dr2
f
+ r2dΩ25
)
,
e2Φ = g2, (3.1)
A01···3 =
1
g
(
r40sinh2α
2f3r4
)
,
where
f3 = −1 + r
4
3
r4
, f = 1− r
4
0
r4
, r43 = r40cosh2α. (3.2)
α is related to r0 via (2.3), as before.
The background (3.1), (3.2) is related to (2.1), (2.2) by α→ −α+ ipi/2 and (t, xi)→
i(t, xi). As in section 2, r3, which in the present case is the location of a singularity,
depends on r0, r3 = r3(r0). The last equation in (3.2) implies that the singularity is always
outside the black hole, r0 < r3(r0), although r0 can be much larger than the location of
the singularity in the ground state, r3(0). All this is very similar to what we found in the
two-dimensional case [27].
r0
T
Figure 5. T (r0) for negative D3-branes.
Because of the fact that the singularity is always outside the horizon of the black
hole, we can use the techniques of section 2 to study its thermodynamics. The inverse
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temperature is given by
β = 1
T
= pir0sinhα. (3.3)
The temperature (plotted in figure 5) increases monotonically from 0 at r0 = 0 and diverges
as r0 →∞.
The Bekenstein-Hawking entropy (2.9) is given by
S = 132pi3λ2l8s
r50sinhα. (3.4)
The ADM mass of the system is given by
MADM =
V3N2
128pi4λ2l8s
r40 (3− 2cosh2α) . (3.5)
As r0 → 0, MADM approaches
Eext = − N
2V3
(2pi)3λl4s
, (3.6)
the negative of (2.12). The energy above extremality is given by
E = MADM − Eext
V3N2
= 1128pi4λ2l8s
(
3r40 + 16piλl4s − 2
√
r80 + 64pi2λ2l8s
)
. (3.7)
Plugging (3.3), (3.4), (3.7) into (2.8), we get the free energy plotted in figure 6.
r0
F
Figure 6. Free energy for negative D3-branes.
Interestingly, in this case, which one may have thought should be worse behaved than the
one in section 2 (based on the geometry in the two cases), the thermodynamics is actually
in some ways better behaved. Some of its properties are
1. There is a unique black hole solution for all 0 < T <∞ (figure 5).
2. The specific heat is positive for all T (figure 7).
3. There is no upper bound on the energy and entropy density (2.9). For large E , one
has
S = 1
25/4pi
√
λl2s
E1/4 + · · · (3.8)
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4. The free energy density F has the low-temperature expansion
F = −pi
2
8 T
4
(
1− 2(pi5λl4sT 4) + 8(pi5λl4sT 4)2 + · · ·
)
. (3.9)
Note that as expected, it is related to (2.14) by l4s → −l4s (see also appendix A). This
is consistent with the fact that from the low-energy point of view one can think of
l4s as the coupling of the aforementioned dimension eight operator in the perturbed
N = 4 SYM Lagrangian.
r0
C
Figure 7. Specific heat for negative branes.
4 Discussion
The main goal of this note was to study the thermodynamics of open strings ending on
a stack of N D3-branes in the double scaling limit (1.4). We argued that at large λ the
leading contribution to the canonical free energy is due to the black brane background
(2.1), (2.2). The resulting free energy exhibits Hagedorn behavior, in the sense that there
is a maximal temperature, T∗ (2.5). As T → T∗, the free energy develops a branch cut,
(2.16), and the specific heat diverges (see figure 4 and appendix A). The energy density
above extremality is bounded from above by E∗ (2.19).
It is natural to compare these results to what one expects at weak coupling. At λ = 0,
the spectrum of (free) open strings ending on D3-branes exhibits a Hagedorn temperature,
TH ∼ ms. Our results suggest that at strong coupling this temperature decreases to
T∗ ∼ msλ− 14 ∼ 1/r3, the inverse AdS radius.
It is also interesting to study the free energy for small value of the dimensionless
parameter T ls. At strong coupling, we found that the free energy has a Taylor expansion
in λ(T ls)4, (2.14). In the free theory, the free energy is a sum of contributions of massless
and massive open string modes. The massless modes are free N = 4 SYM, and give a
contribution similar to the leading term in (2.14), apart from the famous factor of 3/4 due
to the difference in the free energy between small and large ‘t Hooft coupling [33]. The
massive modes make contributions proportional to their Boltzmann factors exp(−βH),
which go like powers of exp(−ms/T ). These contributions are non-perturbative in the
expansion parameter T ls.
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Thus, the analogs of the perturbative terms in the expansion (2.14) all vanish at zero
coupling. Interestingly, this is also what one would deduce by setting λ = 0 in (2.14).
Doing this is of course unjustified, since (2.14) was obtained at large λ, but it is not
unprecedented. The leading term in the expansion of the free energy does depend on λ,
but it approaches (different) constants at λ → 0,∞. Perhaps something similar happens
to the subleading terms in the expansion (2.14) as well.
It is natural to ask how to compute the free energy of the open strings ending on the
D3-branes at small but non-zero coupling. The masses of the excited string modes might
change slightly due to the interactions, but their contributions would presumably still be
non-perturbative in T ls. The perturbative contributions to the expansion should be due
to higher order (α′) corrections to the Lagrangian of the massless modes, the N = 4 SYM
Lagrangian. The leading such correction is the dimension eight operator mentioned in
the introduction. Its coupling in the Lagrangian is proportional to l4s ; thus, we expect its
leading contribution to the free energy to go like (lsT )4, precisely like in (2.14). Higher order
contributions to the Lagrangian should give higher order terms in the expansion (2.14).
One would expect each power of (lsT )4 to be multiplied by a function of λ, coming from
open string loop corrections (wordsheets with additional holes). It would be interesting to
compute these terms and compare the resulting series between weak and strong coupling.
The above discussion naturally raises the question whether it could be that one can
generate the full open string theory by an irrelevant deformation of the low energy N = 4
SYM. At first sight this seems unlikely, due to the usual problems with flowing up the
renormalization group, but the recent work on TT deformed CFT [30, 31], and in particular
its single-trace version [17–22], suggest that perhaps this is too pessimistic. In that case,
one starts from the infrared CFT2 dual to the near-horizon geometry of a system of strings
and fivebranes, perturbs it by an irrelevant, dimension (2, 2) operator, and flows in the UV
to a theory with a Hagedorn spectrum. There is some evidence that this flow can be made
sense of using just the infrared CFT.
In fact, the two systems have some superficial resemblances. In the two-dimensional
system, the infrared CFT2 is dual to an AdS3 with RAdS ∼
√
kls (with k the number
of fivebranes, taken to be large in the gravity approximation), and the inverse Hagedorn
temperature of the UV theory is βH ∼ RAdS . In our case, the infrared CFT4 is dual to an
AdS5 with RAdS ∼ λ 14 ls, and the inverse Hagedorn temperature of the UV theory is again
βH ∼ RAdS .
Thus, it is conceivable that one can understand the free energy of the D3-brane world-
volume theory by starting with the infrared N = 4 SYM and perturbing it as described
above. Needless to say, it would be interesting to do that, but it will require new ideas,
perhaps along the lines of [16].
Our discussion raises many additional questions. For example,
1. It would be interesting to compute other observables in string theory in the back-
ground with N D3-branes in the limit (1.4). A natural class of observables is corre-
lation functions of closed string vertex operators, which should contain information
about correlation functions of off-shell operators in the D3-brane worldvolume theory.
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The analogous problem in single-trace TT deformed CFT was discussed in [19, 20].
2. Our discussion involved the leading order in the 1/N expansion. It would be inter-
esting to understand the form of 1/N corrections, and in particular the way that the
dynamics of closed strings in the bulk comes back when we include these corrections.
This might be related to the ideas of Sen on open-closed string duality [34].
3. In the limit (1.4), the non-trivial dynamics involves the open strings. It might be
interesting to study the theory in this limit using open string field theory (OSFT).
OSFT was found to be useful in some problems involving open string tachyon con-
densation [35], and some other contexts, e.g. [36]. It would be interesting if it could
shed light on the physics discussed here.
4. In addition to studying the D3-brane dynamics in the limit (1.4), we also discussed a
deformation of string theory on AdS5×S5 which can be thought of from the bulk point
of view as studying the geometry (1.1), (1.5), and from the boundary point of view as
adding to the Lagrangian of N = 4 SYM the dimension eight operator that preserves
N = 4 SUSY discussed in the introduction with negative coupling. From the bulk
point of view, this theory looks sick. In particular, the metric has a singularity at
finite r, beyond which it becomes complex. Nevertheless, its thermodynamics studied
here looks remarkably well behaved. It would be interesting to study this theory (and
its two-dimensional cousin [27]) further.
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A T (r0 − r∗), C(r0 − r∗) and S(E)
In this appendix, we present the expansions of the temperature T and specific heat C in
r0 − r∗, and the behavior of the entropy as a function of energy in various limits.
In section 2, we showed that the temperature is bounded from above and it attains its
maximum at r0 = r∗, (2.6). Near r0 = r∗, the temperature has the following expansion:
T = T∗ − 3
7/8(r0 − r∗)2
211/4pi7/4λ3/4l3s
+ (r0 − r∗)
3
4
√
2pi2λl4s
+O
(
(r0 − r∗)4
)
. (A.1)
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Figure 4 shows that near r0 = r∗, the specific heat diverges. Around r0 = r∗, the specific
heat behaves as
C = N2V3T
(
∂S
∂T
)
= −N2V3T
(
∂2F
∂T 2
)
= − 2N
2V3
35/4pi3/2
√
λl2s(r0 − r∗)
+ . . . , (A.2)
where S and F are defined in (2.9). Plugging (A.1) into (A.2), we see that the specific
heat diverges like C ∼ ∆T− 12 , in agreement with (2.16).
At large N , S = N2V3S(E ≡ E/N2V3). The behavior of the entropy density at small
energy is
S = 2
5/4√pi
33/4
E3/4
(
1 + 43
(
pi3λl4sE
)
− 827
(
pi3λl4sE
)2
+ . . .
)
. (A.3)
The leading term is the entropy density of 3 + 1 dimensional N = 4 U(N) SYM, and
the higher order terms in l4sE can be thought of as due to the dimension eight irrelevant
deformation discussed in the text.
If one formally continues r0 past r∗, one gets for large E the micro-canonical entropy
S = 2
15/4pi2l2s
√
λ
55/4
E5/4 + . . . , (A.4)
which is, of course, the property of a large Schwarzschild black hole in 6+1 dimensions. As
discussed in section 2, such large black holes do not play a role in the thermodynamics. At
the same temperature as that of these large black holes, there is a black hole with r0 < r∗,
that has smaller free energy, which dominates the thermodynamics. This is consistent
with the fact that the large black holes with entropy ∼ E5/4 have nothing to do with the
D3-branes, and therefore cannot play a role in the thermodynamics of their worldvolume
theory, which is governed by the small black holes. In the actual worldvolume theory, the
energy density is in fact bounded from above, (2.19).
In section 3, we discussed the thermodynamics of the negative D3 black branes. In
this case, the small energy expansion of the entropy density is
S = 2
5/4√pi
33/4
E3/4
(
1− 43
(
pi3λl4sE
)
− 827
(
pi3λl4sE
)2
+ . . .
)
. (A.5)
Again, the leading term is the entropy of N = 4 SYM, and the higher order terms in l4sE
are due to its irrelevant deformation. But, now, the dimension eight deformation is with a
negative coupling, −l4s (compare (A.5) to (A.3)). Finally, the large energy behavior of the
entropy is given in (3.8).
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